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Abstract

Our research focuses on a fourth-order partial differential equation (PDE) that arises from the
Timoshenko model for beams. This PDE pertains to situations where the elastic moduli remain
constant and an external load, represented as F, is applied. We thoroughly analyze Lie sym-
metries and categorize the various types of applied forces. Initially, the principal Lie algebra is
two-dimensional, but in certain noteworthy cases, it extends to three dimensions or even more.
For each specific case, we derive the optimal system, which serves as a foundation for symme-
try reductions, transforming the original PDE into ordinary differential equations. In certain
instances, we successfully identify exact solutions using this reduction process. Additionally,
we delve into the conservation laws using a direct method proposed by Anco, with a particu-
lar focus on specific classes within the equation. The findings we have presented in our study
are indeed original and innovative. This study serves as compelling evidence for the robustness
and efficacy of the Lie symmetry method, showcasing its ability to provide valuable insights and
solutions in the realm of mathematical analysis.

Keywords: Timoshenko beam equation; fourth-order partial differential equation; symmetry
classification; exact solution; reductions.
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1 Introduction

The beams are structures commonly used in buildings, bridges, and mechanical constructions.
The simple Euler-Bernoulli theory [5, 4] is based upon considering only transverse bending. While
this model is suitable for slender beams, it does not adequately represent many practical situations.
Timoshenko in 1922 proposed a model which considers transverse displacement as well as the
rotation effects. The governing equations in the presence of applied force are a system of partial
differential equations (PDEs) [7],

2U x vl
ATt - 2 (kA < p(e)) = (o),

Po(x,t) 0 o Ov(w,t) _

(1)

where v = v(z,t) is the deflection or the transverse displacement of the beam, ¢ = ¢(z,t) the
angular displacement, A cross-section area, p the density of the beam, G shear modulus, « Tim-
oshenko shear coefficient, I the area moment of the cross-section and F' = F(v) the distributed
load.

Following [7], the system (1) can be merged into one-fourth order PDE by assuming that the
rotation is mainly caused by bending and the effect of distortion due to shear can be ignored.
Based on the above we can merge the system of PDEs (1) in one equation [8],

O*v(z, ) 0?v(x,t) O*v(z,t)  p?Iy 0*v(z,t)
ET . A : : L = F 2
PTG T o202 T B o ’ @
where « is a parameter dependent on the shape of the cross-sectional area and E is the elastic
modulus.

— pI[1+1]

Dividing equation (2) by EI, and introducing the notations A\; = %, Ao = %,
2
A3 = %—3, we are left with the equation,
0*v(x,t) 0%v(x,t) O*v(x,t) 0*o(x,t)
A — A = F(v). 3
ot TN o 252082 T o ) (3)

In equation (3), if A\; = 0, for i = 1,2, 3, we are left with static Euler-Bernoulli beam equation,
which is fully studied in [4] and Fatima et al. [6] from symmetry point of view. If \; = 0, for
i = 2, 3, then equation (3) is reduced to the dynamic Euler-Bernoulli beam equation, which is also
studied from the Lie symmetry point of view by Bokhari et al. [5], and Soh [12]. If A3 = 0 in
equation (3) we are left with the beam equation in the Rayleigh model [14], which is thought to
be an improvement over the dynamic Euler-Bernoulli beam theory since it takes into account the
rotational inertia of the beam’s cross-section [7]. If A, = 0 we get the Shear beam model, this model
adds the effect of shear distortion without rotational inertia to the Euler-Bernoulli model [14]. If
none of the \; coefficients are zero, we have the Timoshenko model, which is the focus of our
paper and represents the most comprehensive form of equation (3). Interestingly, this equation
has not been explored by previous authors in terms of exact solutions. In our study, we employ
the potent Lie symmetry method, a robust technique for obtaining exact solutions, to analyze this
equation. So, in this study, we consider the following PDE;

O*v(x,t) N 0%v(x,t) B oz, t)  Otw(w,t)

Dt o 922012 o~ ), (4)
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where the applied load F is a general function of v and p, A, I are constants.

The Lie symmetry approach [10, 15] is a powerful and well-documented method for dealing
with exact solutions of differential equations, notably non-linear PDEs. Due to this importance in
the final section, we investigate the final form (4) from the symmetry point of view and formulate
its conservation laws for some classes by the direct method. The fourth-order beam equation,
like its second-order wave equation counterpart, it turns out, displays interesting conservation
properties, most of which are tied in with the symmetry structure of the equation. These differ for
a zero applied force F, the linear Klein-Gordon type F' = dv, and the case F' = dv". In literature,
various strategies exist for handling non-linear PDEs [9, 13].

2 Lie Classification

Following is a brief summary of the Lie symmetry [11, 1], the vector field for Eq. (2) is

0 o )
N:f(l‘,t,v)%+T(x,t,v)&+n(x7t’y)%. (5)

The fourth order prolonged generator required for Eq. (4) is given by

4
0
RH =R iy T— 6
+Z;Q T (6)
Then by invariance condition of Eq. (4) we get
x4 (Vawex + Vit — Vaztt + Vesst — F'(V))|gqe) = 0. (7)

Separating different polynomials in v and its derivatives condition (7) gives rise to an overdeter-
mined system of PDEs. We solve this system for the resulting determining equations,

{=a, 7T=c, n=cv+7, (8)
with v satisfying the classifying equation
—(e3v + V)" + c3F + Yowaaw + Vet — Yaatt + Yerer = 0. )

In the equations (8) and (9), ¢1, ¢2 and c3 are constants, v = 7(xz,t) and F is the applied load
dependent on v. If F'is arbitrary non-linear function in v, then we get directly from Equations (8)
and (9) the infinitesimals

§=a, T=c, n=0. (10)
This implies for arbitrary F(v), Eq. (4) has the following Lie symmetry generators
0 0
N1 - %; NQ - E, (11)

which constitutes a two-dimensional symmetry algebra. It is also known as the principal algebra
of Eq. (4).

The following manifestations for the given load function F are determined by differentiating
the classifying relation (9) concerning v.

i. F)=oav+p, a#0,
ii. Fw)=c(av+p)74+c, a#0, oc#0,1, (12)
iti. F(v) =c1e* + ca, a#0,
w. FWw)=cln(av+p)+cy, a#0,

589



S. M. Al-Omari et al. Malaysian J. Math. Sci. 17(4): 587-610(2023) 587 - 610

where o, 8, ¢1, ¢z and o are constants. But unfortunately, no one of the cases for non-linear F'(v)
will extend the principal algebra, So we are left with the linear case

F=av+§. (13)

The principal algebra in this case extends by one in addition to the infinite superposition generator.
The Lie algebra is spanned by (11) and

_ AN
N3 = (U+a) 30
9
ov’

with w satisfy the linear PDE w00 + Wit — Wagtt + wier = 0. As an example, we will consider the
polynomial solution of the infinite part. Suppose the polynomial is of the form

(14)

N, =w

w(z,t) = caz®t + c52> + cox’t + crx? + cgat + cox + ciot + c11, (15)

which satisfies wyzea + Wit — Waatr + wier = 0. Then, the two-dimensional principal algebra will
extend to the eleven-dimensional Lie algebra spanned by the minimal algebra (11) and X3 above
in addition to

N4:$3tg, N5:I327 N6=I2t27 N7=I22,
v v v v
(16)
Rt N2l w2 w29
8 — a'U’ 9 — ava 10 — 61}’ 11_67}

3 Lie Symmetries and Optimal System

In this section, we focus on performing a symmetry classification of the beam Eq. (4) while
considering various possible load functions.

(1) When F(v) is arbitrary.

0 0
Ny = 5% Ny = s (17)
Case A: F(v)=av+ 4.
0 0] 0 0
Nl &7 NQ %7 NS %7 N4 - %7
B L0 Y AN
N5 = I%, Nﬁ xr a 5 N7 X 81}’ Ng = <’U+ a> 81)7 (18)
Ng = $t2, NlO =zt s Nll = thE
v v
CaseB: F(v)=p
leﬁa N2:27 NBZEa
N t2 N ﬁ Ng = t2~
LT o 5T Ty 6= 50
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Case C: F(v) =M (av+5)7 + Aa.

0 0
-2 - —. 20
Nl ata NZ ax ( )
Case D: F(v) = \e® + Ao.
0 0
_ - . 21
Nl ata N2 ax ( )
Case E: F(v) = A1ln(av+ ) + Ao
0 0
= — = —- 22
Nl ata N2 833 ( )

3.1 Optimal system
(1) For arbitrary F(v).
The commutation relation is satisfied by the basis elements,
[va Nn] =0, m,n =1,2. (23>
One can write the adjoint action representation as,

62

Ad(exp (eX,)Ry,) = Ny — €[Ny, R, ] + o L N (24)
We take into account a general element R of £? given by,
N =018y + 65N5. (25)

Because commutation relations are zero, the vector form cannot be reduced.

So, for 0y # 0, 05 # 0, we have Xy + Ry, ¢ # 0. If ; = 0, then we have N,. If 5 = 0,
then we have X;.

Hence, the one-dimensional optimal system of (17) is given by,
{Nl,Ng,Nl +CN2}. (26)

Since symmetry generators for Case C, Case D and Case E are the same as in the arbitrary
case, therefore, Eq. (26) represents an optimal system of (20), (21) and (22).

Case A: F(v) =av+ .

Table 1: Commutator Table.

R, R;] Ny Na N3 Ry Ns  Ng Ry Ng  Ng  Nyg  Nypg

Ny 0 0 0 No 0 0 0 0 N5 Ng N7
No 0 0 0 0 0 0 No 0 0 0
N3 0 0 0 0 No 205 3Ng 0 Ny 2Ng 3N19
Ny -Ng 0 0 0 0 0 0 Ny 0 0 0
N5 0 0 -Ng 0 0 0 0 N5 0 0 0
Ng 0 -2N5 0 0 0 Ng 0 0 0
N7 0 -3Ng 0 0 0 0 N7 0 0 0
Ng 0 —Ng 0 Ny Ry -Ng Ry 0 Ng  -Njp  -Npg
Ng -Np 0 -Ny 0 0 0 Ng 0 0 0
3ST6) -Ng 0 -2Ng 0 0 0 0 Nig 0 0 0
Nqq -Nr7 0 -3N1g 0 0 0 0 Ni1 0 0 0
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Table 2: Adjoint Table.

Ad(ef) Ny No N3 Ny N5 Ng
Nq Ny No N3 Ny — eNg Ny Ng
NQ Nl Ng Ng N4 NE) N6
N3 Nq No N3 Ny N5 — eNg Ng + 62N2 — 2eNp
Ny N1 4 eXo No N3 Ny Ry Ng
N5 N N N3 + eNg Ny N5 Ng
Ng N1 No N3 + 2eN5 Ny Ny Ng
N7 Nq No N3 + 3eNg Ny Ny Ng
Ng Nq e Ny N3 e Ny e N5 eNg
Ng N1 + eNg No N3 + €Ny Ny N5 Ng
N1 N1 + eNg N N3 + 2eNg Ny N5 Ng
V11 Ry + eX7 N N3 4 3eNqg Ny Ns Ng

Table 3: Adjoint Table.

Ad(ee) N7 Ng Ng N10 N1
N1 N~ Ng Ng — eNjp Nig — eNg Ni1 — eN7
No N7 Ng — eNg Nog N10 W11
N3 N7 — 3Ry + 3e2R5 — 3eNg Rg Rg — eRg Ny + €2Rg — 2eNg  Ry1 — €3Ny + 3e2Rg — 3eXyg
Ry Rz Ng — Ry Rg Rig W11
Rs N7 Rg — eNg Rg Rig 5P
R N7 Rg — eNg Rg Ry 5P
N7 R7 Rg — X7 Rg Ry Rip
Ng e Ny Ng e“Ng e“Nqg e Ny1
Rg Rz Rg — eRg N N10 W11
N10 N7 g — eNqp Rg Ry 5B
Np1 N7 Ng — €Ny Rg Ry Ny

Consider a general element X € £!! given by,

N = 01N + 62Ny + 03N3 4+ 04Ny + 0585 + O5Ng + 07R7 + OgNg + OgNg
+ 010N10 + 011 X1 (27)

Casel: 6; #£0,03 =04, =03 =0y =619 = 0,1 =0.
By adjoint actions of N4, Ng, N1g and N;; we get N = Ry

Case 2: 91 750,93 #0/94:98:99 :910 :911 =0.
By adjoint actions of N4, Rg, R1p and N;; we get XN = 8y + N3, ¢ # 0.

Case 3: 01 7&0,93 20,947&0,08 :9929102911 =0.
By adjoint actions of N4, Rg, R1o, Ri; and Rg we get X = N; £ Ny,

Case 4: 01 7&0/08 7&0,93 :04 :99 :010 :011 =0.
By adjoint actions of N4, Ng, N1g and N;; we get N = 8y + g, ¢ # 0.

Case 5: 91 750,99 750,93 :94:98 :910 :911 =0.
By adjoint actions of N4, Ng, Rq9, N;; and Ng we get X = N; £ Ny,
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Case 6: 91 7&0,910 750,93 :94:68 :99:911 =0.
By adjoint actions of X4, Rg, Rig, Ry; and Ng we get X = Ry + Ny.

Case 7: 01 #0,011 %0,93 :04 :08 :99 :910 =0.
By adjoint actions of N4, Rg, Ny, Ry; and Ng we get X = Ry + Ny,

Case 8: 927&0193:91:94:95:96:07:98:09:9102911:&
We have X = N,.

Case 9: 92750,99750,911 :910:98:07:96:05:94:93:91 =0.
By adjoint action of Ng we get X = Ny 4 cNg, ¢ # 0.

Case 10: 927&0,01 :63:04:05:96:97:98:09:911:0/0107&0'
By adjoint action of Ng we get X = Ry 4 Ny, ¢ # 0.

Case 11: 911 #0,010:09 :08:97:06:65 :94:93 20,92#0,91 =0
By adjoint action of Ng we get X = Ny 4 Ny, ¢ # 0.

Case 12: 03 £ 0,0, = 07 = 03 = 0;; = 0.
By adjoint actions of 5, Ng, N7, Rg, X9 and N;; we get X = N3.

Case13: 65 # 0,607 #0,0; =05 =01, = 0.
By adjoint actions of N5, Rg, N7, Rg, Ryg, Ry; and Ng we get X = Rg + X7,

Case14: 05 # 0,03 # 0,0, =07 =, 011 = 0.
By adjoint actions of N5, Ng, N7, Rg, Rjg and Ry; we get R = N3 + Ng, ¢ # 0.

Case 15: 93 75 O, 91 = 97 = 98 = O, 911 7’5 0.
By adjoint actions of N5, Nﬁ, N7, Ng, NlO/ Nll and Ng we get N = Ng + Nll-

Case16: 0, # 0,0, =03 =05 =05 = 07 = 0g = 0g = 019 = 011 = 0.
By adjoint action of 8; we get X = N,.

Case 17: 01:93:047&0/057&0/06:97:98:99:910:911:0'
By adjoint action of 8; we get X = Ry 4+ N5, ¢ # 0.

Case 18: 91 :03 20,04 7&0/06 #0,97 :08 299 :910 :911 =0.
By adjoint action of N3 we get X = Ny + cRg, ¢ # 0.

Case19: 0, =6035=0,0,#0,0; #0,05 =69 =019 =611 =0.
By adjoint action of X3 we get X = Xy + X7, ¢ # 0.

Case 20: 91 :93 :94:05 750,06 :97:98 :99 29102911 =0.
By adjoint action of N3 we get X = N;.

Case 21: 01 :93 :05 #0,96:67:98:9107&0/911 =0.
By adjoint action of X3 we get X = X5 + cNyg, ¢ # 0.

Case 22: 91 :93 :0,95 750,96 :97 :93 :0,(911 #0
By adjoint action of N3 we get X = N5 + ¢y, ¢ # 0.
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Case23: 0, =6035=0,=0,05 #0,0; =03 =0y =619 =011 = 0.
By adjoint action of N3 we get X = Ng.

Case24: 0 =03=0,06#0,0, =03 =0,09 #0, 019 = 01, = 0.
By adjoint action of N3 we get X = Ng + cNg, ¢ # 0.

Case 25: (91 :03 :0,96 7&0/97:98 :0,911 750
By adjoint action of N3 we get N = Ng + 1, ¢ # 0.

Case 26: 01 :03 :04 10,97 %0,98 :09 :010 :011 =0.
By adjoint action of N3 we get X = Xy.

Case27: 0, =03=0,0; #0,03=0,09 # 0,019 = 011 = 0.
By adjoint action of N3 we get X = X7 4 ¢Ng, ¢ # 0.

Case 28: 91 = 93 = O, 97 75 0, 08 = 0, 910 7é 0, 911 =0.
By adjoint action of N3 we get X = X7 4 Xy, ¢ # 0.

Case29: 0, =0,03 =0,6g #0.
By adjoint actions of Ny, Ry, X5, Rg, X7, Rg, Ryg, Ry we get X = Ng.

Case 30: 01 :02:93 :96:97:08:0/997&01910 :911 =0.
By adjoint actions of X; and N3 we get X = X,.

Case31: 0 =03 =0, =03 =0,0190# 0,01, =0.
By adjoint actions of 8; and N3 we get N = Ryq.

Case 32: 91 = O, 93 = 0, 98 = 0, 911 75 0.
By adjoint actions of ®; and N3 we get N = Ny;.

Case 33: 01 7& O, 93 7& O, 08 7& 0.
By adjoint actions of ¥4, Rg, N7, Rig and Xy, we get X = R; + Rz + dNg.

Case 34: 01 7& O, 03 7& O, 08 = O, 911 7é 0.
By adjoint action of X3, X;; and Rg we get X = Ny + ¢Ng £+ Ny

Case B: F(v) = f.

Table 4: Commutator Table.

R, N;] Ny Ng Ny Ry Rg  Rg

Ny 0 0 0 N 0 Np
o 0 0 0 0 0 0
N3 0 0 0 0 No N4
Ny Ny 0 0 0 0 0
Ry 0 0 Ny 0 0 0
Ng Ny 0 Ny 0 0 0
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Table 5: Adjoint Table.

[N, 8y] Nq No N3 Ny N5 Ng
Nq Ny No N3 Ny — eNg Ny Ng — eNp
Ny Ny Ny N3 Ny N5 Ng
N3 Ny No N3 Ny N5 — eNo Ng — eNy
Ny Ny + €Ny Ng N3 Ny Ny Ng
N5 Ng No N3 +eNg Ny N5 N
Ng N +eNs Ny Nz +eRy Ny N5 Ng

Consider a general element X € £° given by,
N = 91N1 + 92?‘22 + 93N3 + (94N4 + 95N5 + 06N6- (28)

Casel1: 01 #0,05=0,0,=0,0; =0.
By adjoint actions of N, and Ng we get N = ;.

Case2: 61 #0,03#0,05 =0.
By adjoint actions of X; and Ng we get R = 8; + X3, ¢ # 0.

Case 3: 91 750,93 20,94 #0,96 =0.
By adjoint action of 8; we get X = Xy 4+ Ny, ¢ # 0.

Case 4: 01 #0,05=0,06 # 0.
By adjoint actions of X; and N3 we get R = Ny + Ng, ¢ # 0.

Case 5: 927&0/91:93:94:05:96:0-
We get X = R,.

Case 6: 92750,91:(93:94:(95:0,967&0.
We get N =Ry + g, ¢ # 0.

Case 7: 93 750,91 :95 :06 =0.
By adjoint actions of X5 and Ng we get X = N3.

Case 8: 03 #0,05 #£0,0; =05 =0.
By adjoint actions of N5 and Ng we get X = N3 + X5, ¢ # 0.

Case9: 01 =0,05 #0,0¢ # 0.
By adjoint actions of X3 and R; we get R = N3 + Ng, ¢ # 0.

Case 10: 91 20,93 20,94 750,95 :0/96 =0.
By adjoint action of R; we get X = Ny.

Case 11: 91 20,93 20,94 #0,05 #0,06 =0.
By adjoint action of ¥; we get X = Ny + cR5, ¢ # 0.

Case 12: 01 :0,03 :0,04 :0,05 7{0/06 =0.
By adjoint action of N3 we get X = N;.
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Case 13: 91 = 0, 93 = 0, 96 75 0.
By adjoint actions of X; and N3 we get X = Ng.

Case 14: 91 # 0, 93 7& 0, 96 7& 0.
By adjoint actions of 8; and N3 we get N =8y + X3 + dRg, ¢, d # 0.

4 Similarity Reductions and Invariant Solutions

(1) When F(v) is arbitrary.

Symmetry reduction by X:
The associated characteristic equation is,

dzx dt dv
e 2
10 (29)

which gives v = g(r), r = x. This transformation reduces the Eq. (4) to
g" —F(g(r)) =0. (30)
The function F' determines the precise answer to the equation (4).
Symmetry reduction by R,:
The associated characteristic equation is,

de _di _dv

=— 31
=00 (31)
giving v = g(r), r = t. This transformation reduces the Eq. (4) to
9" +9" = F(g(r)) = 0. (32)
The function F' determines the precise answer to equation (32).
Symmetry reduction by ®; + cNo:
The associated characteristic equation is,
de dt dv
B 33
T =T1=75 (33)
which gives v = g(r), r =t — % This transformation reduces the Eq. (4) to
(c' =+ 1)g" + clg” — MF(g(r)) = 0. (34)
The function F' determines the precise answer to equation (34).
Case A: F(v) = av + .
Symmetry reduction by X;:
The associated characteristic equation is,
de dt dv
B 35
- 1- 0 (35)
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giving v = g(r), r = x. This transformation reduces the Eq. (4) to

g" —ag—pB=0, (36)

this gives,

1 1 1 .1
g(r) = c1e®" " + coeT "+ cge T g — é (37)
«
So, the solution in the original variables becomes,
1 1 L1 L1 ﬂ
v(z,t) = c1e®' " + coe” T feze TN gyt — (38)
Q@
Symmetry reduction by Ns:
The associated characteristic equation is,
de dt dv
T=2= (39)
1 0 0
which gives v = g(r), r = t. This transformation reduces the Eq. (4) to
9" +4¢" —ag—-p=0, (40)
this gives,
_ /—2—2/it4ar V—2—2/Ifdar _ V/—2t2/1tdar
g(r)=ce " 2 +ece 2 4ce 2
Nz (41)
+cue 2 -
Q
So, the solution in the original variables becomes,
_ V/—2—2/1tdat V—2—2viFdat _ V/—2t2/1t4at
v(z,t) = cre 2 + coe 2 + c3e 2
Nz (42)
+ cye 2 - —
e
Symmetry reduction by ®X; + cNa:
The associated characteristic equation is,
de dt dv
o _d_ (43)
c 1 0
x
giving v = g(r), r =t — —. This transformation reduces the Eq. (4) to
c
4 2 1 4 " _
(¢ ="+ 1)g" —c*(ag —g" + B) = 0. (44)
So, the solution in the original variables becomes,
7\/7024» (acd—4c24a)a+ci (te—=) \/—(‘.2+\/(4c474c2+4)o¢+c4(tc—m)
v(z,t) = cre Va(e—cZ 1) + coe Vet
_71\/024- (4ct—4c24a)a+cd(te—a) i\/c2+\/(4c4—4c2+4)a+c4(tc—$) 6 (45>
+ c3e 2(ct—c241) + cae 2(cd—c2+1) _ .
«@
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Symmetry reduction by ®; + cNg:
The associated characteristic equation is,

de dt dv (46)
_— = — = B s
0 1 v+ P
giving v = e'“g(r) — é, r = x. This transformation reduces the Eq. (4) to
a
g”"—CQg"—|—c4g+c2g—ozg:O. (47)
So, the solution in the original variables becomes,
" v 2(‘.272\/ 73c474c2+4o¢z t +\/2c2—2\/7364—402+4am
v(z,t) = e’ z + coe™® >
2?12/ —5ed it dan Ve A it raae 3 (48)
+ ezt 2 + cqetct 2 - =
«
Symmetry reduction by X3 + cNg:
The associated characteristic equation is,
de dt dv
v+ P
which gives v = e“Pg(r) — ﬁ, r = t. This transformation reduces the Eq. (4) to
[
g//// o C2g// + g// + C49 —ag = 0. (50)

So, the solution in the original variables becomes,

\/—2+20272\/73(‘.47202+4a+1t \/—2+2c272\/7304—202+4a+1t
- 2 2

+ Czecz+

\/72+2u2+2'\/73(:4—2¢2+4(x+1t \/72+2(;2+2'\/73(;472c2+4(x+1t B
T — 3 cr+ 3

v(z,t) = e

+ c3e®” + cae - =
«
(51)
Case B: F(v) = (.
Symmetry reduction by R;:
The associated characteristic equation is,
der dt dv
e 52
0-1°-70 (52)
giving v = g(r), r = x. This transformation reduces the Eq. (4) to
g" -5 =0, (53)
this gives,
1 4 C1 3 Co o
= — —= = . 4
g(r) 2467“ +67‘ +2r +c3r+ca (54)
So, the solution in the original variables becomes,
_ Ll a3 c2 o
v(m,t)—24ﬁx + 5% + 5% + 3 + ¢4. (55)
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Symmetry reduction by Rs:
The associated characteristic equation is,

dr dt dv
=T 6
0= 0 (56)
which gives v = g(r), r = t. This transformation reduces the Eq. (4) to
g g~ 5=, (57)
this gives,
_B2 :
g(r) = 57" T ercosT —casinr +car + ca. (58)
So, the solution in the original variables becomes,
_ B : i
v(x,t) = 575 — ¢y cost —cosint + ezt + ¢q. (59)
Symmetry reduction by RX; + cNa:
The associated characteristic equation is,
dr dt dv
=T 0
c 1 0’ (60)
which gives v = g(r), r =t — L. This transformation reduces the Eq. (4) to
c
(64—C2+1)gll//—64(ﬁ—g”):O. (61)
So, the solution in the original variables becomes,
1 c(te — x)
t)=—|[ —2c1(c* =+ 1) cos | ————=—
v(x,t) 2c4< et —c + )cos( C4_C2+1>
tc —x)
—2cy(ct =+ 1 sin(c(> 62
2( ) ch—c2+1 (62)
+ ((5t2 + 2¢3t + 2¢4)c? — 2x(Bt 4 c3)c + 5962)02) :
Symmetry reduction by N; + cNy:
The associated characteristic equation is,
de dt dv
i 63
0 1 e’ (63)
- t*c , ,
giving v = —~ + g(r), r = z. This transformation reduces the Eq. (4) to
g" +c—p=0. (64)
So, the solution in the original variables becomes,
t2 4 ,
v(z,t) = {+%(570)+%z3+%x2+03x+04. (65)
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Symmetry reduction by ®; + cNg:
The associated characteristic equation is,

de _dt _ dv

=—=— 66
0 1 cxt (66)
o tPca : ,
which gives v = - + g(r), r = z. This transformation reduces the Eq. (4) to
g" +cg—p=0. (67)
So, the solution in the original variables becomes,
t2
v(z,t) = % — ﬁcoaﬁ + 2—64# + %xg + %xQ 4 c3x + cy4. (68)
Symmetry reduction by X3 + cNs:
The associated characteristic equation is,
de dt dv
1 0 cx’ (69)
cx?
giving v = 5 + g(r), r = t. This transformation reduces the Eq. (4) to
g//// + g// —B=0. (70)
So, the solution in the original variables becomes,
2 t2
v(x,t) = % + % — ¢y c08(t) — cosin (t) + cst + ¢q. (71)
Symmetry reduction by R; + cR3 + dRq:
The associated characteristic equation is,
dre dt dv
Z=_T_ 72
c 1 atd (72)
L 3edta? — x3d T . .
givingv = ——c5——+ g(r),r=1t— = This transformation reduces the Eq. (4) to

(= +1)g" —cHp-g¢")=0. (73)

So, the solution in the original variables becomes,

1 c(te — x)
U(J?,t) = @ < — 661(04 _ CQ + 1) COS (m)
tc —x)
- 6C 04 - C2 + 1) sin (C(7>
2( ) ct—c?+1

d
+ 32 (Bt + 2¢3t + 2c4)c? + x(atd — 2Bt — 2c3)c — gf”g + 5$2)> '

(74)
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Symmetry reduction by R3 + cNg:
The associated characteristic equation is,
do_di _dv
10 cat

2

t
which gives v = % + g(r), r = t. This transformation reduces the Eq. (4) to

"

9" +g" —p=0.
So, the solution in the original variables becomes,

2 2 + 2c3)t
U(Z,t):77clcos(t)76251n(t)+w+c4.

Case C: F(v) = M (av + 8)7 + Aa.

Symmetry reduction by R;:
The associated characteristic equation is,
do _di _dv
0 1 0’

giving v = g(r), r = z. This transformation reduces the Eq. (4) to
9" —ag—AM(ag+B)7 — A2 =0.

Symmetry reduction by R,:
The associated characteristic equation is,

de _dt_dv
10 0’
which gives v = g(r), r = t. This transformation reduces the Eq. (4) to

9" +49" —ag— X (ag+ )7 — A =0.

Symmetry reduction by ¥; + ¢No:
The associated characteristic equation is,

dz _dt _ dv

which gives v = g(r), r =t — % This transformation reduces the Eq. (4) to

(= +1)g" 4+ H—ag+g" — X2) — c*M(ag + B)° =0.
Case D: F(v) = \e®” + Aa.

Symmetry reduction by R;:
The associated characteristic equation is,

do _dt _dv
o 1 0’
giving v = g(r), r = x. This transformation reduces the Eq. (4) to

g"" —ag—Ae* — Xy = 0.

(75)

(76)

(77)

(80)

(81)

(82)

(84)

(85)
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Symmetry reduction by R,:
The associated characteristic equation is,

do _dt_dv
1 o0 o’
which gives v = g(r), r = t. This transformation reduces the Eq. (4) to

"

" +g" —ag—Ae* — Xy =0.

Symmetry reduction by &; + cNo:
The associated characteristic equation is,

de _dt _ dv

which gives v = g(r), r =t — % This transformation reduces the Eq. (4) to
(P = +1)g" —ct(Me™ +ag+ X —g¢") = 0.

Case E: F(v) = Ay In (av + B) + Aa.

Symmetry reduction by X;:
The associated characteristic equation is,

de _dt _ dv

giving v = g(r), r = x. This transformation reduces the Eq. (4) to
g" —ag—XAIn(ag+ B) — Ay =0.

Symmetry reduction by R,:
The associated characteristic equation is,

do _dt_dv
10 0’
which gives v = g(r), r = ¢. This transformation reduces the Eq. (4) to

1"

Jd"+ 9" —ag—Ailn(ag+B) — A =0.

Symmetry reduction by Ry + ¢Xo:
The associated characteristic equation is,

dj dt dv

which gives v = g(r), r =1t — . This transformation reduces the Eq. (4) to
C

(= +1)g" =t Mn(ag+B) +ag+ Ay —g") =0.
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(87)

(89)

(92)

(93)

(94)

(95)
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5 Conservation Laws

The fourth-order beam equation, like its second-order wave equation counterpart as it turns
out, displays interesting conservation properties, most of which are tied in with the symmetry
structure of the equation. For a zero applied force F' and linear Klein-Gordon type F' = dv,
the conservation laws are infinite; most of which are consequences of higher-order 'multipli-
ers’. Briefly, the multiplier approach requires the determination of a multiplier,@Q, say, for which

Q| Vett + Vet — Vitww + Voppr — F (v)} is a total divergence [2, 3]. We list the conserved flows below.

The conserved flow (7%, T") is obtained by applying the conservation law D,Tt + D,Txz = 0 to
the solutions of the differential equation. If D,7* + D,T* = 0 identically, the vector (7%, T") is
called a “trivial” conserved vector.

The list below enumerates the multipliers @ and corresponding nontrivial flows (7', T*), where
appropriate, the form v(%7) represents v;, j;.

a. =0,
i.
1 (1,2) (3.0) | ..(0,2) 2,007 .. (0,1) 03 1 ey, 1 an
x| =[-3z0"H + 620" + 00 — 60V 20+ 0™ —§xv ’ +§v AN
6
ii.
Loa2 601 an e 01 0,3) 2.1) _ 6)(0.2) 4, (2,0)
t: —itv’ + to'> +§U ’ 'G5 6t + 6tv ) — 3t — 6v' Y 4 o' —611} .
iii.

xt <1 (73tmv(1’2) + 6tzv®0) 4 1002 — 61020 4 221D — 2’0(0’1)>
6 )

=

<6txv(0’1) + 6tzv03) — 3t 4 2tp(LD) — 629(02) 4 )(2:0) _ 94, (10) _ 63:1)) )

iv.

1 (U(Sm _ %Uua)’v(o,l) 4 p03) _ ;1,(2,1)).

U <112 {31}0(1’3) — 60v Y — (03510 4 6)(21)5)(1,0) 4 34)(0,2),(1,1)
(@00 (12) _ (10, (2:0) 4 61)(0,1)@(3,0)] ,

1 2 .

— { — 3002 4 6000 1 6 (U(O’l)) +4 (311(0’3) — v(2’1)> v

12

_6 (v(o,z))Q 4o (0(1,1))2 _9p(10),(12) 4 v(o,g)v(zo)} > '
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vi.
v (112 {31}”(1,3) — Guu®BD) — p08)(10) | g2 (10) | 3,(0:2),,(1,1)
50Dy (12) _ gy (10),(2:0) 4 61}(0,1)@(3,0)} 7

1 { (2,2) (4,0) 0,1\ ©,3) .21 ,.(0,1)

— | — 3vv'*© ) + 6vv'™ +6(v ’ ) +4<3v = — e )v ’

12

_6 (v(o,z))2 Lo (U(m))? — op(10),,(1.2) 4 U(o,z)v(z,o)] )

vii.

[31}@(1,3) ~ Gup® D _ (0:3),(10) 4 6,(21)(10) 4 3,,(0.2),(1,1)

—_
1\3"‘

sin(t + x) : (

00 (12) _ gy (10),20) 4 6v<o,1>v<370>} 7
1 2
= { — 30022 4 o0 16 (U(o,l)) 14 (30(073) _ v(z,l)) (01

6 (1}(0,2))2 +2 (v(l,l))2 _9p(10),(12) 4 v(o,z)v(z,o)]>.

b. Now consider the beam equation with linear force in v, viz., vetst + V1t — Uitz +Vgzge —0v = 0.
We obtain the following conserved flows.
i.
1 1
(=)o (66Wz [ - 6(—5)3/411 + v/ =0V — 67/ —8Vgy + 6V —0vy — 3Ugyt + 6vxm} ,
1
_ 66 V=oz |: -9 4/_5U$t + (\/ - — 6) V¢ + Vgt — 6’Uttt:| >
ii.

1
e (=0, (66\4/?5(_“”) [6(—5)3/411 + V=6 (—vgt) + 6V =00z + 6V =00, — 3Upse

1
+ vam;:| Lgel e [ = 29/ =00a1 — (V=6 = 6) vt = Bupar + 6%} ) :
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iii.

| e
6% *2(14’\/1745)15 . (12 ot |: <f \/ — 5 — 1vzt — 3vxtt —+ 6’07-7-»6)
+ (\/1 — 15+ 1) vz}
| Vv
e o 1[3[ —VI—45— 1( 1—45—1)v

—6( 1—45—1)vt—6¢§ VI=16 — luy
+ V2 —=V1 — 46 — 1vgy — 6vger + 12%4 )

V.
1
vt 1o vzttt — 6VVzzat — VptVz + 6LVt + 3VpVet — SVt — OV Ut + 6V V0 |
1 2 2
E - 3U (Uwztt - 2Ua::1::cw) + 65“ + 2vmt - 2vsztt + VitV
+ 41},5 (3Uttt — U:L-J;t) + 6’Ut2 — 6Utt2:| > .
vi.
1
Vg : (12 [v (—3vaatr + 6Vs 4 6vgpar) + 660 + 2054° — A0 Vap + VU Vss — 204Vaat
- 61}.’,8:82 + 127}x”:caca::| 5
1
2 { — 600z — 6VVgptr + 3VVgzat + OVt Uz — DV Uzat — OV Uzt + BV Vst
+ vt (6vxtt + 6v; — Ugcm:c) :| > .
vii.

sin(t + ) : (112 [31111(1’3) — 6ov3 D — 03 yL0) 6y (214 (10) 4 3)(0.2),(1,1)
50, (12) _ g,(L1),(2:0) 61)(0,1)”(3,0)] ,

1 2

1 { — 30022 1 6000 46 (v00)” 4 4 (3009 _p21) 01

12
_6 <v<o,2>)2 492 (U<1,1>)2 (L0, 12) | U(o,2>v<2,o>] )

There exists another three, based on the multipliers e=3V-201+v 1-40)t 3 V-2(1-vI-18)t
and e~ V20—V D)t
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Note:
In the above cases, a. and b., there exist infinitely many conservation laws based on higher-order
multipliers such as 0y, 024, etc. For example, in b. we have

1
Vexx - <12 |:3U(£L', t) (46Uza: + 2vmxtt + 2Uza:tttt - U:rx:cztt) - 65U$2 + Vg (_6vxtt - 6Uztttt + 5Umm:ctt)

+ 6vttvxz + 6'Uttttvz:v - 6szvzztt - 3Urx:cvxtt + 2vztvrx$t + VttVgxar — 2Utvzzmzt

1
+ 61}1212:| 9 E |: - 6“(5[;7 t)vxx:rt - 6’[]({E, t)vx:r:zttt + 3U($7 t)vxzzza:t + 6Utttvxmz - 3Uxa:mvmzt

_ 6Utt'U:mvmt + VgxVzzaxt + QUxmwa:vt - 2Uwvwwmwt + Ut (GUa:;E:vtt + 6Uwa;x - ’wawazm) :| ) .

(96)

c. For a general polynomial non-linearity in v, we have vy + Vit — Vetar + Vaozwa — 00" = 0, for
which we have the following multipliers and corresponding conserved flows.

i

12

1
12

1
(I < 3Vttt — OVVzzat — VittVp + OV Vzat + 3V Uzt — DUUzet — 6V22 V2t + OV Vz0s |,

126v7+!

nt1 + QUrtQ - 2vxvxtt + VttVza

|: - 3’[) (vzxtt - 2”30:5331) +
—|— 4Ut (3Uttt — Umxt) + 61}t2 — 6Utt2:| ) .

ii.

12507 +1

n -+ 1 + 2Uzt2 + Uz ('Utt - GUII) - 2vtvzzt

Vg ( [U (6 (ver + Verer) — BUgate) +
- 4vw (tht - 3Uwzx) :| )

1
D { — 6VV5 — VULt + 3VVzgzt + OV VL — DUVt — OV UL

+ szwvxt + Ut (6tht + GUI - ’Uzww) :| ) .

6 Physical Interpretation

In this section, our focus is directed towards the examination of the solutions derived through
graphical analysis. It’s well understood that this type of graphical analysis plays a pivotal role in
comprehending the physical dynamics inherent to the model under consideration. In our current
investigation, the graphical representation offers insights into the characteristics of the transverse
displacement of the beam (v) within the model being studied. The visual representations, as
depicted in Figures 1 through 4, distinctly portray the nature of the transverse displacement of the
beam within the context of the Timoshenko beam model (4).
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(a) 3D plot (b) 2D plot

Figure 1: Nature of the transverse displacement of the beam by solution (45) with all the parameters are set to 1.

(a) 3D plot (b) 2D plot

Figure 2: Nature of the transverse displacement of the beam by solution (62) with 8 = 2 and all other parameters are set to 1.
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(a) 3D plot (b) 2D plot

Figure 3: Nature of the transverse displacement of the beam by solution (65) with all the parameters are set to 1.
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(a) 3D plot (b) 2D plot

Figure 4: Nature of the transverse displacement of the beam by solution (71) with all the parameters are set to 1.

7 Conclusion

We have performed a complete Lie symmetry classification of the fourth-order partial differ-
ential equation (4) arising from the Timoshenko beam model, with applied load F dependent
on transverse displacement v. The results reported in the literature for the Euler Bernoulli beam
were obtained by neglecting shear and rotational effects. The principal Lie algebra is found to be
two-dimensional for the arbitrarily applied load. The algebra extends to an infinite-dimensional
algebra for the constant and linear applied load. We systematically identified all conceivable in-
variant variables and their associated reductions for each vector field within a one-dimensional
optimal system of subalgebras. These reductions resulted in ordinary differential equations, and
we presented them comprehensively. These reductions were characterized as optimal, as they
enabled us to derive all non-similar invariant solutions through symmetry transformations from
the solutions of the reduced ODEs. We have also shown that the fourth-order beam equation
displays interesting conservation properties. For a zero applied force F and linear Klein-Gordon
type F' = dv, the conservation laws are infinite; most of which are consequences of higher-order
‘multipliers’. Our findings strongly validate the reliability and effectiveness of the Lie symmetry
method in the context of beam theory. This success has inspired us to tackle more challenging
nonlinear and complex problems within beam theory using the same method in future research
endeavors.
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